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pplication of multigrid methods for integral equations to two problems from

luid dynamics*

. Schippers

BSTRACT

In the present paper multigrid methods are applied in order to solve
.fficiently the non-sparse systems of equations that occur in the numerical
solution of the following problems from fluid dynamics: (1) calculation of
yotential flow around bodies and (2) calculation of oscillating disk flow.
'roblem (1) is reformulated as a boundary integral equation of the second
:ind that is approximated by a first order panel method resulting in a full
system of equations. This method is in widespread use for aerodynamic com-
yatations. The second problem is described by the Navier-Stokes and continu-
'ty equations. By means of the von Karmin similarity transformations these
>quations are reduced to a nonlinear system of parabolic equations which are
ipproximated by implicit finite difference techniques. From the periodic con-
litions in time one obtains a non-sparse system of equations. For these two
>roblems from fluid dynamics the fast convergence of multigrid methods for

integral equations is established by numerical experiments.

KEY WORDS & PHRASES: Multigrid methods, potential flow around bodies, osctl-
lating disk flow, Fredholm integral equation of the

second kind

x) This report will be submitted for publication elsewhere.
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rids the doublet distribution is assumed to be constant over each panel, For
two-dimensional (2-D) aerofoil we have applied the multigrid method to the
alculation of circulatory flow around Karman-Trefftz aerofoils. The use of
1ltigrid techniques becomes more preferable for 3-D problems because the num-
or of panels is much larger than for 2-D ones. The calculations have been per-
>rmed for the flow around an ellipsoid. From numerical investigations it fol-

>ws that * 3 multigrid cycles are sufficient to obtain the approximate solu-

Lon.

Caleulation of oscillating disk flow - This application deals with the
tating flow due to an oscillating disk at an angular velocity Q sin wt. The
wier—-Stokes and continuity equations are reduced by means of the von Kirman

imilarity transformations to

w _ 9 _ g2 2
) Q f-t T 2w fzz * 2hfz £ +e,
0w . .8 _
2 0 %t T Tn 822 * 2hgz 2fg,
9] h =f,

z
lere (f,g,h) is a measure of the velocity vector in a cylindrical polar coor-

nate system (r,¢,z). For a single disk problem the boundary conditions are:
) f=h=0,g=sintatz=0; f=g=0 for z > =,

. reference 3 the author has shown that the periodic solution:

) h(z,0) = h(z,2m); g(z,0) = g(z,2m)

n be obtained by implicit finite difference schemes taking the state of rest
an initial condition. The transient effects have been eliminated by calcu-
iting a sufficiently large number of periods. Using the multigrid method we

) not simulate the physical process, but reformulate the problem (2)-(6) as
) ’ (fsg’h) = K(fsg’h)a

ere K is a non-linear integral operator. The multigrid method for integral

uations is used to solve (7). For @ = 0.1 w the computational work has been

duced by a factor 0.1.




The present paper is based on parts of the Doctor's Thesis of the author
spared under the guidance of Prof. P. Wesseling of Delft University of

:hnology.

CALCULATION OF POTENTIAL FLOW AROUND BODIES.

For potential flow around a two- or three—dimensional body there exists

relocity potential ¢ satisfying Laplace's equation
) Ad=0

th boundary conditions,

) %%—'= 0 along the boundary S,
e
ere-j%— "denotes differentiation in the direction of the outward normal to
and €
0) ¢(c) > ¢_(¢) for |g| » =,

th ¢ the velocity potential due to a uniform onset flow. If the flow is non-
rculatory, we have ¢_(Z) = U.z, with U the velocity vector of the undistur-
d flow. Here U.z denotes the usual innerproduct in ]12 or in BRB. We repre-

nt the velocity potential ¢ as follows
9(z) = ¢,(2) + ¢4(2),
th ¢d the double layer potential given by

I-m cos(nz,z—c)

v T e

1) 64(2) =

™
Q

(o4

ere m = 2,3 for the two- and three-dimensional case, respectively and n, the
tward normal to the boundary S at the point z. The doublet distribution u

~ such that ¢ satisfies the boundary condition

2) ¢ (z) = 0,




there ¢ denotes the limit from the inner side to S. Using the Plemelj-Privalo

‘ormulae (see reference 4) we obtain the following integral equation

13) u(z) +

2-m cos(nz,z—c)
JU(Z) —_

p- ds_ = - 2¢°°(C) ’ zeS.

_,|m=1 z
s | z-z]

\ssuming the boundary S to be sufficiently smooth it can be proven that the
ijolution of the interior Dirichlet-problem (12) also satisfies the Neumann-

roblem (8)-(10) for the exterior of the boundary S.

Calculation of Circulatory Flow around an Aerofoil.

For circulatory flow around an aerofoil one must introduce a cut to make
he velocity potential single valued. The Kutta condition of smooth flow at
he trailing edge can be satisfied if we construct the cut from the trailing

dge to infinity.

u—"7 s

e denote the upper and lower side of the cut by s and S_,respectively. The
ontour composed of the aerofoil S and the cut is denoted by STFS-+S+. Along
he cut there exists a constant discontinuity in velocity potential. The jump
s represented by a constant double layer potential with strengthvu+ and u
long s* and S—,respectively. The difference u—-14+ is equal to the circula-
ion which is taken positive in clockwise direction.

We can represent the velocity potential by

1 cos(nz,z—c)
0@ =g | w@ —E g
- Z
o, | z-¢|
S +S+S
r rewritten
1 -
14) $(2) = Uz + ¢4(2) + 5= (W= )arg(z -0) ,




here ¢d is defined by (11) with m = 2 and z, is the trailing edge. In this
ection we denote by arg(zllzz) with ZI’ZZ € E(z the real value of the usual
unction defined by the complex numbers corresponding to zZ, and Zy - The dou-
let strength along S follows from (12). So far we did not say anything about
* and u , but we still have to satisfy the Kutta condition. In the present
'aper we only consider aerofoils with non-zero trailing edge angle. For these
ases the Kutta condition states that the flow speed must be zero at both
iides of the trailing edge. Let C+ and ¢ be points at the upper and lower

art of the rrailing edge. The Kutta condition is satisfied if:

puch) >0 for ¢ -z |>0,

15)

Du(z™) -~ 0 for |¢ - z |+ 0,

t
jhere D denotes differentiation in the tangential direction. Application of

sonditions (12) and (15) to (14) yields the following integral equation

(16) (I-K)p + B (u'-n") =
vith
1 cos(nz,z—g)
(17) Ku(z) = =— f u(z) ——— ds,
s | z-¢]

B(z) =— arg(z,-0) ,

g(z) = -2 U-z.

Numle]rical approach - The contour S is divided into N segments S. such
that S =,gl Si and S; n Sj =@ , i# j. The begin- and end-points of the ith
segment are Z. and z, and are called nodal points. On this grid u is approx-
imated by a piecewise constant function Hy and the resulting equation is
solved by a collocation method. The collocation points s s i=1,2,...5 N,
are taken to be the mid-points of the segments S.. By means of projection at
the collocation points we get N equations. However we have N +2 unknowns
uN’], UN,Z""’ UN,N’ uN and uN with uN i = (C ) and UN = (; ze S~ )
so that we need two extra equations. Follow1ng condltlon (15) we replace uN

and u& by UN,N and Hyoq oo i.e.
5




£, and CN are the collocation points which are closest to the trailing
at the lower and upper part of S. Let TN be the projection operator de-

by piecewise constant interpolation at the collocation points. We have

lve the following equation

(I_TNK)IJN + TN 8 (UN,N_UN,I) = TNg‘

rodynamics the above numerical approach is called a first order panel
d. In reference 5 we have put it in a functional analytic framework.
ing the contour S to be sufficiently smooth (except for a small region
the trailing edge) it was shown that a once continuously differentiable

ical solution can be obtained by a single iteration
Hy =8 + (uN’N-uN,])B + Ky o

’rmore, it was proven that the operator K is compact on the space of es-
1lly bounded functions, provided the boundary is sufficiently smooth.

aerofoils (inclusive the trailing edge) are not smooth this property of

3 not hold for our application.

Multigrid method - The principal aim of this section is to show that
.on (19) can be solved efficiently by a multigrid iterative process. In
'mce 2 we introduced multigrid methods for integral equation (1). The
~relaxation was used to smooth the high-frequency errors. Assuming the
‘al operator to be compact we were able to prove that the reduction fac-
f these multigrid methods decrease as N increases. For our application
iice property is completely destroyed (see table 1) because K is not

t. Problems with respect to the convergence of the iterative process

in the neighbourhood of the trailing edge. Here the high-frequency er-

re not removed by the Jacobi-relaxation:




1 D e [N P
spection of the matrix corresponding to TNI(TN reveals that the cross-diag-
al contains elements of magnitude k-1 + O(1/N) as N+ with k = (exterior
ailing edge angle )/m. This occurrence of off-diagonal elements of about the
me size as diagonal elements explains why Jacobi-relaxation does not work
11. Therefore we apply another relaxation scheme, which we call paired

uss—-Seidel relaxation. In order to explain this scheme we first rewrite (21)

follows:

N
(v+1) _ V) _ v _ (V) .
WN,io T & +££1 kip My g~ BiOiyy ~ My, ) for 1= 1D
. obtain the paired Jacobi relaxation (PJ) scheme by removing the cross—diag-
lal to the left-hand side:
CIs PN S DI 4O B M O
UN, i ij "N,j i ok it PN,e T OPiVENGN T PN, e
L#]

v i=1,2,..., N/2 and j = N+1-i. A similar expression is obtained for

=j. As a result we have to solve IN systems of equations of dimension 2. Sub-
:ituting the new values of N and uN,j as soon as they are available we
>tain the paired Gauss—Seidel (PGS) relaxation scheme. For i=1,2,..., N/2

id j = N+1-1i we define

oo =V for i < £ < 3,
£i v+l for £ < i and £ > j.

s solve simultaneously the following equations

N (\) —) - —
(v+1) _ (v+1) _ 2i” v _®)
HN, i ki My, T8’ £Z1 kie Y2 B; (i .y My, 10
£#3

nd
y (Vei) OIS

gy * Z] kig U, T Bj(“N,N T HN, 1
£#1

(v+1) _ (v+1) _
S R R




for i = 1,2,..., N/2 and j = N+1-i, with v =v for i=1 and v=v+1 for

1 <i < N/2. The matrix elements kij can be easily calculated. Let

Zj—?;l
¢.. = T arg = ’
1] 25-1%4
then
' ¢ij for i# j ,
k.. = : )
1] 1 1f Cbii(O s
b.. +
L -1 if 4., >0
ii
Let Xp be a short notation for the space X of piecewise constant func-
tions of dimension N_. We introduce a sequence oflgpaces {X |p =0,1,..., 4}

vith Np = 32 % 2p such that

XO c X1 C ... C Xﬂ .

lhe corresponding projection operators are denoted by Tp. In the context of
nultigrid iteration the subscript p is called level.

The calculations have been performed for several Karman-Trefftz aero-
oils with thickness § = 0.05 and length £ = 1.0. These aerofoils are obtained

‘rom the circle in the X-plane, X = ¢ eiﬂ, by means of the mapping

2= £00 = (x - x)*/(-e(s-é)*,

there Yy measures the camber and k the exterior trailing edge angle;

= 22 5+ (1D H1 (2a1yD Bk

X, = c(-yHt - iy,

Partition of the boundary on level p: Let the interval [0,271] be divided
nto Np uniform segments with nodal points {@j[j = O(I)N }. The nodal- and
.ollocation-points in the z- plane follow from f(ce J) and f(ce J+1), res—
ectively, 0. 5+l being the midpoint of subinterval [@ »0.:.1. The collocation

J+l
oints defined in this way are situated at the boundary and do not coincide




h the collocation points of the other levels. Therefore, the elements of
matrix K? , p=20,1,..., £, corresponding to TpK.Tp have to be computed
all levels. Asymptotically for £ -+« , the number of kernel evaluations is

i, when the values are computed once and stored. We have taken the fol-

ring testcases:

k = 1.90 and vy = 0,

k = 1.90 and vy = sin 0.05,
. k=1,99 and vy = 0,

k = 1.99 and vy = sin 0.05.

. velocity U of the undisturbed flow is taken to be (cos T, sin 7) with T
» angle of incidence. For the above testcases we give numerical results for

:0and T = /2.

Algorithm: The approximate solution of (19) is obtained by the multigrid
-hod defined in the ALGOL-68 program given in TEXT I:

)¢ mulgrid = (INT p,o, VEC u,g) VOID:
p=0
IV solve directly (u,g)
5SE FOR 1 TO o
DO relax (u,g); INT n = UPBug;
VEC residu = g—u+K?*u—Bp*(u[n]-—u [11);
VEC um := Op—l’ gm := restrict (residu);
mulgrid (p=1, v, um, gm);
u := u +interpolate (um);
relax (u,g)
oD

TEXT 1. Multigrid algorithm.

cause of reasons of efficiency the number of coarse grid corrections
nteger v) must be less than 4. For v = 1 and v = 2 we obtain the so-called
and W-cycle, respectively. Here we choose v = 2. For the 3-D problem of

ow around an ellipsoid we take v = 1. The interaction between the grids is
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afined by the procedures restrict and interpolate which are specified as fol-
>ws. Let n be the upper bound of VECu, then:

istrict (u) [£] := 0.5 x (u [8%2~11+ ul2+%4]1), ¢ = 1(1)n/2,

wwerpolate (u)[2 x< ] := <interpolate (u) [2x%-1] := u (1, 2 = 1(1)n.

1 level O the system of'equations is solved by Gaussian elimination. For

'lax we take: Jacobi -, paired Jacobi - and paired Gauss-Seidel relaxation,
:spectively. We start our algorithm on level 0. The interpolation to level p
»21) of the approximate solution from level p-1 is used as initial guess of
le multigrid process at level p; truncation occurs when the residual is less
ian 10 . Let VEC gp denote the restriction of g to the collocation points of

wvel p. In ALGOL-68 notation this algorithm reads:

lve directly (uo,go);
Rp TO 3
up := interpclate (ua);

FOR © TO 25 WHILE residual > 10~ °

DO mulgrid (p, 1 s OD;
mulgr<d (p, 1, up gp)

u, = COPY u
0 p

TEXT 2. Implementation of the full multi-grid algorithm.

the following table we compare the performance of the multigrid processes
ing various relaxation schemes.

om this table we conclude that the multigrid method defined by Jacobi-relax-
ion is not acceptable (it converges too slowly).The process defined by PGS-
laxation turns out to be the most efficient. Furthermore, we draw the follo-
1g conclusions: 1. the number of iterations decreases as N increases and 2.

the highest level (N=256) only a few iterations are necessary.




11

TABLE 1 - NUMBER OF ITERATIONS

N = 64 N = 128 N = 256
Testcase 7 J PJ PGS J PJ PGS J PJ PGS
. 0 15 4 3 13 3 2 13 2

/2 | 15 9 9 4 7 5 L2
- 0 15 8 8 13 5 5 13 2

/2 | 15 10 9 9 7 6 6 4 2
11 0 | >25 4 3 >25 3 3 |s25 3 2

n/2 | >25 12 9 19 9 6 9 6 3
v 0 |>25 11 8 >25 7 4 |>25 6 4

n/2 | >25 13 10 525 10 8 |25 7 3

J = Jacobi , PJ - Paired Jacobi, PGS - Paired Gauss-Seidel.

Calculation of Potential Flow around an Ellipsoid.

1e numerical approach to find the solution of (13) is connected with the
1ape of the kernel-function. Application of the collocation method in the
>ace of piecewise constant functions leads to moment-integrals, which consist

* the calculation of solid angles. We consider the ellipsoid defined by

%:Z+ yz + 2z =1.

1e velocity of the undisturbed flow is given by U = (1,0,0). The partition

E the ellipsoid into panels is carried out as follows. First we divide the
irface into N rings by planes orthogonal to the z-axis. Next each ring is
ivided into N trapeziform segments. The spherical caps are divided into N
riangle-form segments. We denote these segments by Sij , 1=1(1)N and

= 1(1) N”. The collocation points are chosen to be the "midpoints'" of these
egments and are situated at the surface. The solid angle subtended at ¢ by

ijW1th z ¢ Sij is given by
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TABLE 2 - POTENTIAL FLOW AROUND AN ELLIPSOID *

MULTIGRID METHOD (Ng = 4, Ng’ = 4)
£=2; N,=16, N =16 £=3; N;=32,0N; =32
iter residual red. factor iter residual red. factor

1 1.17 107! 1 4.56 1077
2 2.06 107> 4.13 1072 2 4.38 1074 1.67 1072
3 7.75 1072 1.40 1072 3 8.48 100 6.98 107
4 1.89 10°° 4.63 1072 4 9.93 1078 2.56 1072
5 6.5 1078 2.36 1072
mean red. factor: 2.83 10—2 mean red. factor: 1.44 10—2
operation count : 10.68 operation count : 8.53

JACOBI ITERATIVE PROCESS

N=16, N =16 N=32 , N =32
iter residual red. factor iter residual red. factor
1 1.73 1 2.15
2 8.05 1070 4.5 107! 2 1.20 5.44 107"
3 3.82 1070 4.68 107! 3 6.72 10} 5.57 107!
4 1.83 1070 4.75 107! 4  3.79 107 s5.62 107!
5 8.75 1002 4.78 107! 5 2.14 107 5.64 107!
6  4.20 1002 4.79 107! 6 1.21 1070 5.65 107!
7 2.01 1072  4.80 10! 7 6.85 102 5.65 107!
i i i 8 3.88 1072 5.66 10
. L L : . _ .
21 6.94 10 4.80 10 27 7.79 10~ 5.66 10

1 -1

mean red. factor: 4.77 10 mean. red. factor: 5.64 10

operation count : 21 operation count : 27

* % + Y2-+ZZ =1, U parallel to the x - axis.
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iethod has been decreased by a factor 2, which is in agreement with the theo-
‘etical results of Wolff (ref.6) and 2. the multigrid method is much cheaper

‘han the Jacobi-iterative process.

CALCULATION OF OSCILLATING DISK FLOW.

The rotating flow due to an infinite disk performing torsional oscilla-
:ions at an angular velocity © sin w T in a viscous fluid otherwise at rest
.nvolves two relevant length scales : 1. the Von Karmidn layer thickness
:v/Q)l/z, where v is the kinematic viscosity and 2. the Stokes layer thickness
Zv/oo)l/2

u,v,w) in a cylindrical coordinate system (r,$,x) can be written as:

. By means of the Von Karman similarity transformations the velocities

u=Qrf(z,t) , v=0rg(z,t) ,w=— 2(2\)w)]/2 h(z,t),
Qc.1/2 . .
there z = (§;a~ x and t = wt. In that case the Navier-Stokes equations re-

luce to the partial differential equations (2) - (4). Apparently the oscillat-
ng disk flow is characterized by the parameter € = Q/w, which determines the
‘atio of the Stokes layer thickness to the Von Kirman layer. thickness.

For the high-frequency flow (e< <1) analytical solutions are found in
‘he literature in the form of series expansions in terms of e. This type of
‘low consists of an oscillatory inner layer (i.e. Stokes layer) near the ro-
:ating disk and a secondary outer layer (i.e. Von Kidrmdn layer). Using a
wltiple scaling technique Benney (ref.7) was able to find series expansions
ralid throughout the region of flow. The first order terms of the solution

ire given by:

22) g(z,t) = e_Z/e sin(t-z/¢) , f(z,t)“'ee_4az for z+» ,
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th a = 0.265. In reference 3 we used this technique to determine the axial

flow at infinity up to the term with 83 :
1 2 3
3) h(»,0) = ae + {ab + 7g ( V2-1) e + 0(e7),

th b = - 0.207 . Inspection of (22) reveals that problem (2) - (6) is singu-
rly perturbed and for a fixed t the solution contains more and more high

‘equency components as € > 0.

In this paper we discuss two computational methods to find the periodic
ylution satisfying (6). The first method is based on simulation of the physi-
\1 process by taking the state of rest as an initial condition and elimina-
ng the transient effects by integration in time. In mathematical terminology

1is process can be interpreted as Picard's method for computing a fixed point.

st the velocity vector be:
v = (f,g,h).
:note by (v(z,t); VO) the solution of the usual initial-value problem (2)-
5) with initial data:
24) v(z,0) = Uo(z).
ssume that the initial data Yo belong to a suitable class L. Define a map of
into itself by the equation
25) R _(vg) = (v (-,2m); Vo) >
eing the solution of (2) - (5) and (24) at t = 2m. Since (2)-(4) is a parabolic
ystem Ks may be expected to have a smoothing influence, just as the integral

perators of the Fredholm equations studied in reference 2. In operator nota-

ion simulation of the physical process is written as the Picard sequence

26) v = Ke(vi) with v, = 0.

i+1 0

he periodic condition (6) rewrites as
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27) v = Ke(v), ve L.

We remark that K€ is a non-linear operator. For € < 1 (26) converges slowly.
Therefore we have devised another method. Since equation (27) has a superfi-
cial resemblance with a Fredholm equation of the second kind we have applied

a multigrid method to (27).

Numerical Approach

This section is divided into two parts: 1. the numerical solution of the
initial-boundary value problem (2) - (5) with the initial data (24) and 2. nu-

merical methods for finding periodic solutions satisfying (6).

Discretization of the initial-boundary value problem - Consider the par-
rial differential equations (2) -(4) with the boundary conditions (5) and the
initial data (24). To this problem we apply implicit finite difference tech-
1iques in combination with an appropriate stretching function for the construc-
tion of the computational grid. In calculations the boundary conditions at

infinity are applied at a finite value z = £ :
(28) £(L,t) = g(&,t) = 0.

Je want to resolve the flow structure near the disk with a limited number of
nesh points. Therefore, taking into account (22) we transform the z—-coordinate

e
'29) z(x) = L(ex+ (1-e)x°) , xel0,1],

ind we take the mesh covering of the new range O0<x <1 uniform with stepsize

VX = ]/N. Integration in time is done by the Euler-backward formula:

Seai b

8 = TTit

,2with At = 27/T .

‘’he right-hand sides of (2) - (3) are discretized by central differences at
S The left- and right- hand side of (4) are integrated by means of
‘he mid-point and trapezoidal rule, respectively. The resulting non-linear

iystem of finite difference equations is solved by means of Newton iteration,
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ich is terminated if the residual is less than 10_6. For further details

e reference 3.

nerical methods for computing periodic solutions - Using the above finite

fference approach we define the discrete counterpart of the operator K€ and

e velocity vector v by K and y; respectively. In discrete operator
e; N,T,Z

tation the periodic condition reads:

0) Uy T Ke;N,T,K (v

the present paper we propose two computational methods to solve (30) : A.
mulation of the physical process by Picard iteration and B. a multigrid
thod. In the first method the parameters €, N, T and £ are fixed. In the
cond method the parameters N and T are taken from a sequence {(Np,Tp)},

=0,1,..., L such that with p = L we have NL =N, T. =T and with p <q <L

L
have Np < Nq ’ Tp < Tq (i.e. a smaller p corresponds with a coarser discre-

zation).
A. Simulation of the physical process: We take the state of rest

éO) = 0) as an initial condition. The transient effects are eliminated by

card's method:

(1)

1) v ¢ N -

N = Kesmyr,e

e iteration index i counts the number of periods that is calculated. This
ocess is truncated if the residual | vél) - K (Uél))" is less than

4 e3;N,T,L
5 10 . Here

lu l = max | g. |+ max | h.
0<jsN 3 o0<js<N

B. Multigrid method: We introduce a sequence of grids with Np= 20 x 2°F

d Tp = 8'*2p. The integer p is called level. We replace the subscript pry P

v =v and K = K .
Nb P e;Np,Tp,ﬂ €3P

mote the velocity at grid point xj on level p by vp [j] = (fj’gj’hj)' The
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iddition vp [j]1 + Vp [k] and the multiplication ¢ * vp [j] are defined as usu-

11 (element by element). The interaction between the grids is defined by piece

7ise-linear interpolation:

«» 2N,

nterpolate (U) [j] = { utisal, ’g’ 2N-1

: . j =
0.5+ &« urdzly,j -

ind by injection:

b

estrict  (U)[§1=UC251, j = o,1,...,32‘-

here N is the upper-bound of the velocity vector U.

We use a multigrid method that starts on level 0 with simulation of the
hysical process (method A). For small values of € we apply continuation. Sup-
ose we have the following e-sequence {EZ leo > €1 >....> € with g = 1} . At
ach stage of this continuation process we approximately solve the equation
0= Keﬂ 5 0 (UO) by (31) until the residual is less than 0.5 10_3. As initial
uess of (31) we take the solution of the previous stage (s=e£_]).vFor €= EO
e take the state of rest. Denote the solution of this continuation method by
0 (eo,el,...,sm).

Since (30) is a non-linear equation it is only solved approximately. Let

be an approximation to the solution Up of (30) on level p. We define the

efect of Up by

he multigrid method is given by the ALGOL -68 program in TEXT 3, where VELO

s a mode for the vector of unknowns:

JDE VELO = STRUCT (VEC f,g, h) .

0C compute periodic solution = ( #to level # INT R) VOID:
10 i= vo(eo,e],...,sm)!
TOR § TO £
. o= U - . u. )

)0 dJ_l. UJ_'-Z Ke, 5-1 (,7-1)

Uj,:= interpolate (Uj_z);

multigrid (j,l,Uj,Oj)
D

.
'S




RoC multigrid = (INT m, &, REF VELO U, VELO y) VOID:
IFm=20
THEN FOR k TO 50 WHILE residual > 58
DO VELO n =y - U+ K___ (U);
e3m
residual := lal;
u:=u+ Wy * N
oD
ELSE FOR 7 TO o
DO U :=y + KE;m OOF
VELO d=dm_1—restm,ct (y-u +K€;m(U));

VELO v := COPY U
m—1;

multigrid (m-1,2, v, d);
U := U + Znterpolate (um-l -v)
oD
FI

e
5

"EXT 3 Multigrid algorithm for the computation of periodic

varabolic equations.

"he structure of this multigrid algorithm has been proposed
‘ref.8) for the numerical solution of general time-periodic
lems. Here we apply it to the particular problem of oscillat
On level 0 of multigrid we use overrelaxation for extr
1es of e. The parameter w, takes the values 1,2 and 4. Initi
o, = 1. If the axial inflow converges slowly it is multiplie

k
As soon as the residual increases the value wk = 1 is restor

Numerical results — From Zandbergen and Dijkstra (ref.
that Von Kirman's rotating disk solution can be represented
curate with £ = 12, hence we fix infinity at this value. We
results for the following values of € :

e.=1,¢e =0.5, €, = 0.1, €y = 0.05.

19

ons of

kbusch

lic prob-
sk flow.
small val-
e put

factor 2.

is known
:iently ac-
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’his sequence is also applied in the continuation process that is used to

iind an approximation UO of the multigrid method, e.g. for € = 0.1 we have

‘0 ¢= UO (1, 0.5, 0.1). For N = 160 and T = 64 we compare the performance

'f simulation of the physical process (method A) and the multigrid method (B).
m the coarsest grid the latter method needs 20 stepsizes in space and 8 step-

ijizes in time; hence it uses four levels: 0,1, 2 and 3.

Let a work unit be defined by the computational work needed for cal-
:ulating one Picard iterate with N = 160 and T = 64. In table 3 we compare
‘he computed axial inflow at infinity with the value of its asymptotic ap-
roximation (23) for €+ 0. Between parentheses we give the number of work

. . . " . " . 3
inits and the iteration error UN Ks;N,T,Z (UN) , where UN is the final

iolution.

On level O of the multigrid method we used Picard iteration (i.e. wkE 1)
or € 20.1. The iterative process was terminated when the residual was less

han 65 = 0.5 10—4. For € = 0.05 we have applied overrelaxation (1< w, < 4)
nd we have put 60 05 = 10_7. That is the reason why the computational work

ncreased for this case.

TABLE 3 AXIAL INFLOW

€ method A method B (23)

1.0 0.2014 . 0.2014 3 0.2360
( 8,.4.4 10 °) (6.8, 9.3 10 )

0.5 0.1177 -5 0.1178 -6 0.1253
(17, 4.7 10 7) (7.0, 3.9 10 )

0.1 0.0236 s 0.0271 _s 0.0262
(74, 4.9 10 ) (7.4, 1.6 10 7)

0.05 0.0083 _s 0.0137 -6 0.0132
(72, 4.9 10 ) (12.5, 3.3 10 )

* . .
Between parentheses : number of work units, residual.

From table 3 we conclude that the multigrid method becomes more effi-

ient as & decreases. For € = 0.1 the computational work has been reduced by
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factor 1/10. For € = 0.1 and € = 0.05 the numerical results of method A
i1l contain a low-frequency error. In this case the test for termination
the physical process is not adequate. The process converges slowly, as

n be seen from figure 1, in which we have displayed the axial inflow as

function of the number of periods. For € = 0.05 the axial inflow is still
creasing after 72 periods. The same phenomenon occurs on the coarsest grid

the multigrid method. Therefore we have applied overrelaxation.

—>k (= number of periodé)

FIGURE 1. Dependence of the axial inflow on the number of periods

The results of our analysis are given in figures 2-3. The profiles of
1e variables f/e , g and h/e are displayed in figure 2. We see that there
s an oscillatory boundary layer. For smaller values of ¢ (see figures 2
-~d)) the azimuthal component of velocity (g) is confined to this boundary
ayer and the radial and axial component of velocity (resp. f and h) persist
itside this layer. The results for the quantities € gz(O,t), fz(O,t) and
(»,t) /e are displayed in figure 3. Comparing these figures we see that the
luctuations in h(x,t) decrease as € - 0. This means that outside the boun-
ary layer the fluid motion becomes stationary (i.e. the outer flow does
ot depend on t). These numerical results are in agreement with the analyt-

cal solutions of Benney (ref.7).
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Finally, from the results just presented we conclude that for the com—
putation of periodic solutions of the single disk problem for € <1 the multi-
3rid method is preferable, whereas for € >1 simulation of the physical pro-

tess may be employed.
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